A graph is symmetric if its automorphism group acts transitively on the set of arcs of the graph. In this paper, we classify connected heptavalent symmetric graphs of order 6p for each prime p. As a result, there are three sporadic such graphs: one for p = 5 and two for p = 13.
Introduction
Throughout this paper graphs are assumed to be finite, simple, connected and undirected. For group-theoretic concepts or graph-theoretic terms not defined here we refer the reader to [22, 25] and [1, 2] , respectively. Let G be a permutation group on a set Ω and v ∈ Ω. Denote by G v the stabilizer of v in G, that is, the subgroup of G fixing the point v. We say that G is semiregular on Ω if G v = 1 for every v ∈ Ω and regular if G is transitive and semiregular.
For a graph X, denote by V (X), E(X) and Aut(X) its vertex set, its edge set and its full automorphism group, respectively. A graph X is said to be Gvertex-transitive if G ≤ Aut(X) acts transitively on V (X). X is simply called As we all known that the structure of the vertex stabilizers of symmetric graphs is very useful to classify such graphs, and this structure of the cubic or tetravalent case was given by Miller [18] and Potočnik [21] . Thus, classifying symmetric graphs with valency 3 or 4 has received considerable attention and a lot of results have been achieved, see [8, 28, 29] . Guo [10] determined the exact structure of pentavalent case. Following this structure, a series of pentavalent symmetric graphs was classified in [15, 19, 20, 26, 27, 12] . Recently, Guo [11] gave the exact structure of heptavalent case. Thus, as an application, we classify connected heptavalent symmetric graphs of order 6p for each prime p in this paper.
Preliminary results
Let X be a connected G-symmetric graph with G ≤ Aut(X), and let N be a normal subgroup of G. The quotient graph X N of X relative to N is defined as the graph with vertices the orbits of N on V (X) and with two orbits adjacent if there is an edge in X between those two orbits. In view of [16, Theorem 9] , we have the following: Proposition 2.1. Let X be a connected heptavalent G-symmetric graph with G ≤ Aut(X), and let N be a normal subgroup of G. Then one of the following holds:
(2) X is bipartite and N is transitive on each part of the bipartition;
The following proposition characterizes the vertex stabilizers of connected heptavalent s-transitive graphs (see [ 
To extract a classification of connected heptavalent symmetric graphs of order 2p for a prime p from Cheng and Oxley [4] , we introduce the graphs G(2p, r). Let V and V ′ be two disjoint copies of 
Next we construct some heptavalent symmetric graphs of order 6p with p a prime. To do this, we need to introduce the so called coset graph (see [18, 23] 
For more details regarding coset graphs, see, for example, [7, 16, 23] .
, ⟨H, g⟩ = G and hence the coset graph:
is a connected heptavalent symmetric graph of order 30. By Magma [3] , Aut(C 30 ) ∼ = S 8 , and any connected heptavalent symmetric graph of order 30 admitting S 8 as an arc-transitive automorphism group is isomorphic to C 30 .
The following two graphs are coset graphs of order 78 constructed from the simple group PSL(2, 13). Construction 2.6. Let G ∼ = PSL (2, 13) , and take the following four elements: a = (1, 13, 2, 12, 9, 5, 14) (3, 4, 7, 10, 11, 6, 8) , b = (2, 5)(3, 7)(6, 11)(8, 10)(9, 12)(13, 14), x = (1, 4)(3, 10)(6, 14)(7, 8)(9, 12)(11, 13), y = (1, 4)(2, 6)(5, 11)(8, 9)(10, 12) (13, 14) . (2, 13) and H = ⟨a, b⟩ ∼ = D 14 . Define the following two coset graphs:
By Magma [3] , Aut(C 1 78 ) ∼ = PSL(2, 13), Aut(C 2 78 ) ∼ = PGL(2, 13), and any connected heptavalent symmetric graph admitting PSL(2, 13) as an arc-transitive group is isomorphic to C 1 78 or C 2 78 .
Main result
This section is devoted to classify connected heptavalent symmetric graphs of order 6p for each prime p. Assume that
Thus, X H is a connected heptavalent graph of order 6, a contradiction. 
It follows that N is transitive on V (X) and hence N is arc-transitive. By Magma [3] , there is no connected heptavalent symmetric graph of order 6·7 admitting PSL(2, 7) 2 as an arc-transitive group.
However, by Proposition 2.2, A v has no normal subgroups isomorphic to A 7 × S 5 or A 7 × A 5 , a contradiction. If T ∼ = PSL (3, 4) , then by Magma [3] , Let N ∼ = PSL(2, 7). Then |N v | = 2 2 or 2 3 , and by Atlas [6] , 
It forces that C has a normal subgroup M ∼ = PSL (3, 2) . Since N is transitive on V (X) and 7 |M |, we have that H = M × N ∼ = PSL(2, 7) 2 is arc-transitive and By Atlas [6] and Magma [3] , except for the following groups: Table 3 Let N ∼ = PSL (3, 3) . Then |N v | = 2 3 ·3 2 or 2 4 ·3 2 . By Magma [3] , N v has a normal Sylow 3-subgroup P ∼ = Z 2 3 . Thus, P is characteristic in N v . The normality of N v in A v implies that P A v . However, by Proposition 2.2, A v has no normal subgroup isomorphic to Z 2 3 , a contradiction. Let N ∼ = PSL (2, 11) . Then |N v | = 2·5 or 2 2 ·5. By Atlas [6] , PSL (2, 11) 
